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■ We give a short proof and some strengthening of the Khukhro-Makarenko theorem that each group virtually satisfying an outer 

commutator identity contains a finite-index characteristic subgroup satisfying this identity. An estimate for the index of this 
characteristic subgroup is obtained. 
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Suppose that G is a group and H is its subgroup of finite index. Textbooks in group theory (see, e.g., [KaM82]) contain 
some simple facts allowing us to find a finite-index subgroup in G which is similar to, but better than H. In particular, 

- H contains a normal finite-index subgroup of G (whose index divides |G : i?|!); 

- if G is finitely generated, then H contains a finite-index subgroup which is fully characteristic (and even verbal) 
in G; 

' - if if is abelian, then G has a characteristic abelian subgroup of finite index. 
, Recently, the last statement was substantially generalised. 

1^ ' Khukhro-Makarenko Theorem ([KhM07], see also [MKh07]). If a group G has a finite-index subgroup satisfying an 
, outer {multilinear, in authors' original terminology) commutator identity, then G also has a finite-index characteristic 
subgroup satisfying this identity. 



Examples of outer commutator identities are n-step nilpotency or solvability. The general definition is as follows. 
' Let F{xi,X2, • ■ •) be a free group of countable rank. An outer commutator of weight i is a generator Xi. An outer 
^ _ commutator of weight t > 1 is a word of the form w(xi, . . . , Xt) = [u(xi, . . . , Xr),v{xr+i, ■ ■ ■ , Xt)], where u and 
V are outer commutators of weights r and t — r, respectively. Informally, an outer commutator of weight t is an 
expression [xi, X2, ■ ■ ■ , Xt] with some arrangement of brackets. An outer commutator identity of weight t is an identity 

■ w{xi, . . . , Xt) — 1 whose left-hand side is an outer commutator of weight t. 

' The following proof of the Khukhro-Makarenko theorem is significantly simpler and shorter than the original 
(«•->) ' argument. 

oo ■ 

■ Suppose that Hi, . . . , Ht are normal subgroups of a group G and w{xi , . . . , Xt) is an outer commutator. Then 

1) the subgroup w{Hi, . . . , Ht) {w{hi, . . . , ht) ; hi G Hi) is normal in G; 

2) w{G, . . . , G) = 1 if and only if G satisfies the identity w{xi , . . . , Xt) — 1; 
^ ' 3) w{Hi,...,Ht) ^ [u{Hi, . . . , Hr),v{Hr+i, ■ ■ ■ , Ht)] if w{xi,...,Xt) = [uixi, . . . ,Xr),v{Xr+l, ■ ■ ■ ,xt)]; 

: A) w{Hi,...,H,^i, l\N,H,+i,...,Ht)^ W w{Hi, . . . ,H,^^,N,H,+^, . . . ,Ht) 

for any family Af of normal subgroups of G. 
These property are almost obvious and can be easily verified by induction. 

Lemma. If w(xi, . . . , xt) is an outer commutator, m is a positive integer, G is a group, and M is a family of its 
normal subgroups such that 

w{N, N,...,N,G,G,...,G) ^1 for aU N eAf, 

then 

w{N,N,...,N,G,G,...,G) = 1, where f] N and G = J| TV. 



m — 1 times 

Proof. 



w{ N,N, ...,N , G,G,...,G) = w{ N,N, ...,N , Y[n,G, . . . ,G) ^ ]J w{ N, N, ...,N , N,G,...,G). 

TC- ' y". ' JV67V jveA/" rc" ' 
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But N C N and G C G, therefore, each factor of the last product is contained in the group 

w{N, N, . . . ,N,G,G, . . . ,G), which is trivial by assumption. 

^ V ' 

m times 

As a corollary, we obtain a strengthened version of the Khukhro-Makarenko theorem with an explicit bound for 
the index. 

Theorem. If a group G contains a Unite-index subgroup N satisfying an outer commutator identity 'w{xi ,Xt) = 1, 
then G contains a finite-index subgroup H satisfying the same identity which is characteristic and even invariant under 
all surjective endomorphisms. In addition, 

log2 |G : if| < /*"^(log2 \G : N\) if the subgroup N is normal, (1) 

and, therefore, log2 \G:H\ < /*~^(log2 |G: A''|!) in the general case, where f'^{x) is the k-th iteration of the function 

f{x) = x(x + 1). 

Proof. For simplicity, we give a construction of a characteristic subgroup. To obtain a subgroup invariant under all 
surjective endomorphisms, one should replace all automorphisms by surjective endomorphisms in the argument below. 
Consider the subgroup Gi = W This subgroup is characteristic, and < |G: A''|. Clearly, Gi is a 

ip&AutG 

product of at most log2 \G: N\ + l automorphic images of A'' (because the chain N C N(fii{N) C Nipi{N)(fi2{N) C . . . 
cannot have more than log2 \G:N\ + 1 different subgroups). Thus, 

pi 

Gi = Y[ V'ki^), where cp'^ G Aut G and pi < Iq =^ log^ \G:N\. 

fe=0 

pi 

Now, consider the subgroup A^i = Q ip'^{N). The index of an intersection of subgroups does not exceed the product 

fe=o 

of their indices (see, e.g., [KaM82]); hence, 

h ='log2 |G: A^il < log2(|G: ATp+i) = (pi + l)Zo < {k + l)k = f{lo). 

By Lemma, we have 

w{Nu...,NuGi) = l. 
The next step is to consider the subgroups 

G2= n '^(^i) = n '^fe(^i) aiid ^2 = n ^fcC^O. ^here ^'l e Aut Gi and p2 < log2 |G : A^i | = Zi < /(/q). 

i^eAutGi k=0 k=Q 

Clearly, G2 is characteristic in G (and even in Gi), 

log2 |G:G2| < log2 |G: ATil =h^ f{lo), and I2 =' logs \G:N2\ < log2{\G : ^1"^+^) = {p2 + l)Zi < f{h) < /(/(/o))- 
By Lemma, we have 

W{N2,...,N2,G2,G2) = 1. 

Continuing in the same manner, at the t-th step, wc obtain a characteristic subgroup 

pt 

Gt= n ^iNt-i) = l['/k\^t-i), where^*) e AutGt_i, 

(peAutGt-i fc=o 

such that 

w{Gt, ...,Gt) = l and loga |G : G^K logs \G : Nt-i\ = h-i ^ f{lt-2) ^ fifih-s)) ^--.^ f-\k)- 
The subgroup H = Gt is as required, which proves the theorem. 

Remark. In papers [KhM07] and [MKh07], there is no explicit bound, but it is mentioned that an estimate can be 
obtained from the proof. According to our calculations, inequality (1) is better. 
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